Chapter 7

Scattering

(© B. Zwiebach

In high energy physics experiments a beam of particles hits a target composed of par-
ticles. By detecting the by-products one aims to study the interactions that occur during

the collision.

—— m/ ‘ S0 b5
beamn gk "o

Collisions can be rather intricate. For example, the particles involved may be not
elementary (protons) or they may be elementary (electrons and positrons)

p+p — pt+p+a°
p+p — ptn+nt
et 4+em = put4ps
The final products may not be the same as the initial particles. Some particles may be

created.
Here collisions are like reactions in which

a+b — ct+d+e+...
We have scattering when the particles in the initial and final state are the same

a+b — a+bd
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The scattering is elastic if none of the particles internal states change in the collision!. We
will focus on elastic scattering of particles without spin in the nonrelativistic approrimation.

We will also assume that the interaction potential is translational invariant, that is,
V(rq —rg). It follows that in the CM frame the problem reduces, as we did for hydrogen

atom, to scattering of a single particle of reduced mass off a potential V(r). We will work
with energy eigenstates and we will not attempt to justify steps using wave-packets.

7.1 The Schrodinger equation for elastic scattering

We are interested in energy eigenstates

P
H= mﬂ/(r) (7.1.1)
b(r,t) = p(r)e”® (7.1.2)
K,
[—QMV n v<r>] () = B(r) (7.13)

Figure 7.1: Potential is finite range, or vanishes faster than 1 , a8 T — 00

Will be consider solutions with 2pc;sitive energy. The energy is the energy of the particle
far away from the potential, F = % The Schrodinger equation then takes the form

2
_ (V2+ K + V()| ¢(r)=0 (7.1.4)
2M
Now we must set up the waves! Recall the 1D case. Physics dictates the existence of
three waves: an incoming one, a reflected one, and a transmitted one. We can think of
the reflected and transmitted waves as the scattered wave, the waves produced given the
incoming wave. Setting up the waves is necessary in order to eventually solve the problem
by looking into the details in the region where the potential is non-zero. When the potential
has finite range the incoming and scattered waves are simple plane waves that are easily

!Frank-Hertz experiment involved inelastic collisions of electrons with mercury atoms in which the mer-
cury atoms are excited.
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Equation (7.1.4) has an inifinite degeneracy of energy eigenstates. When V (r) = 0, for
example, X for any k such that k-k = k2 is a solution. Assume an incident wave moving
towards 4+2. Then the wavefunction will look like

/\/\/‘) Q Q,L ’eﬁ

(7.1.5)

If we assume V' (r) has a finite range a, this ¢(r) satisfies (7.1.4) for any r > a. For r < a,
however, it does not satisfy the equation; (r) is a solution everywhere only if the potential
vanishes.

Given an incident wave we will also have a scattered wave. Could it be an ¢(r) = e
that propagates radially out?

ikr

(V2+ &%) ™ #£0  fails badly for r # 0!! (7.1.6)
On the other hand "
(V2 + k‘2) 67 =0 forr #0. (7.1.7)

This is consistent with the radial equation having a solution u(r) = ¥ in the region where
the potential vanishes. Recall that the full radial solution takes the form wu(r)/r.
Can the scattered wave therefore be # ? Yes, but this is not general enough. We need to
introduce some angular dependence. Hence our ansatz for the scattered wave is

ezkr

bu(r) = f(0,9) (7.1.8)

r

We expect the intensity of the scattered wave to depend on direction and the function
f1(0, @) does that. We will see that 14 is only a solution for r > a, arbitrarily far.
Both the incident and the scattered wave must be present, hence the wavefunction is

. ikr
(r) = 6, (0) + p(0) = M + fi(6,9)—, r>a. (7.1.9)
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As indicated this expression is only true far away from the scattering center. We physically
expect fi(6,¢) to be determined by V(r). fx(0,¢) is called the scattering amplitude.

We now relate fi(6,¢) to cross section!!

# particles scattered per unit time
d into solid angle d§2 about (0, ¢)
g =

M] (7.1.10)

[ﬂux of incident particles =Z-_F==-=

do is called differential cross section, it’s the area that removes from the incident beam the
particles to be scattered into the solid angle df). Let us calculate the numerator and the
denominator. First the denominator, which is the probability current:

Inc_iderﬁzﬂux _ Im [¢ vw] hk (7.1.11)

m e

Intuitively, this can be calculated by multlplylng the probablhty density |e**#|? = 1, by the
velocity £ = % The result is again an incident flux equal in magnitude to %

To calculate the numerator we first find the number of particles in the little volume of
thickness dr and area r2d)

dr
dn = number of particles in this little volume \'g
aL
eik'r’ 2
dn = [p(v)* d’r = | fi(0, )| r*dQdr = | fi(0,¢)|" A dr (7.1.12)

With velocity v = % all these particles in the little volume will go cross out in time dt = -
therefore the number of particles per unit time reads

de hk
=10, ) =g = 1@ ) 0

U

Back in the formula for the cross section we get

__H0.9)Pd0
r:

hence

Differential cross section: j—g = | fx(0,0)? (7.1.13)

Total cross section: |0 = /da —/]fk $)>dQ (7.1.14)
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7.2 Phase shifts

Assume V(r) = V(r), so that we are dealing with a central potential. First recall the
description of a free particle in spherical coordinates. With

h2k?
V=0, E=—"\, o) =

2m

upe(r)

Yo () (7.2.1)

the Schrodinger equation for ugy

B2 A2 B2 e(0+1) h2k2
a5t o upe(r) =

2mdr?  2m 2 "= uge(r)

2m
2
<_§r2 + 6(6:2— 1)> upe(r) = Kup(r). (7.2.2)

Now take p = kr, then (7.2.2) reads

2
(=2 ) o) = usely (7.2.3

Since k? disappeared from the equation, the energy is not quantized. The solution to (7.2.3)
is

uge(p) = Aepje(p) + Bepne(p) or  upe(r) = Aprje(kr) + Berng(kr) (7.2.4)
where

je(p) is the spherical Bessel function je(p) is non singular at the origin

ng(p) is the spherical Neumann function ng(p) is singular at the origin

Both have finite limits as p — oo

. . i
pje(p) — sin (p - 2) (7.2.5)
b

png(p) — — cos <p — 2> (7.2.6)

Now, with the plane wave a solution, we must have
etkz = gikreost Zang(cos 0)7e(kr) (7.2.7)

=0
for some coeflicients ay. Using
20+ 1 . 1 ! iTu
Yi0(8) = y Py(cosf) and jy(z) = 2#/ e Py(u)du (7.2.8)
-1
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it can be shown that

= \/Ef: 20+ 14" Yy 0(0)je(kr) . (7.2.9)
=0

This is an incredible relation in which a plane wave is built by a linear superposition of
spherical waves with all possible values of angular momentum! Each ¢ contribution is a
partial wave. Each partial wave is an exact solution when V = 0.

We can see the spherical ingoing and outgoing waves in each partial wave by expanding
(7.2.9) for large r:

1 (m 1 [eilbr=5)  milkr—5)
U S SR AR _ 7.2.1
Je(kr) — - SlIl< r— ) 53k [ . " ( 0)
Thus
, Var & 1reilbr=5)  —i(kr—5)
zkz_TZ “_Uyw(g)zz[e - _¢ - }, > (7.2.11)
/=0 Ht,_/ ——
outgoing incoming

7.2.1 Calculating the scattering amplitude in terms of phase shifts
Recall 1D case

“, ! o(z) = sin(kz) = % (e’k”; — ¢tk ) solution if V=10
= > ? e
ingoing
O P
(7.2.12)
Exact solution .

Y(x) = ?(eik%%ék — gk ) for z > a (7.2.13)

! _same

ingoing

wave

where the outgoing wave can only differ from the ingoing one by a phase, so that probability
is conserved. Finally we defined

P(x) = Ys(z) + p(x) (7.2.14)
So do a similar transformation to write a consistent ansatz for ¢(r). We have from (7.1.9)

ikr
Y(r) ~ e 4 fk(O)eT , r>a. (7.2.15)
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The incoming partial waves in the left-hand side must be equal to the incoming partial
waves in e™*? since the scattered wave is outgoing. Introducing the phase shifts on the

outgoing waves of the left-hand side we get

I & | el S i) ior
W(r) = LIS Vol i Yo (0)5- | _¢ } — ¢k 4 f0)C
k = 24 r r r
outgoing incoming

The incoming partial waves in e?** cancel in between the two sides of the equation, and

moving the outgoing partial waves in €’*# into the other side we get
Var ’ 1 ) PRI fleTTr etkr
S VAT Vi (0) o (40 1) S = (6 7.2.16
% +14Ye0(0) 5 (e . ful0)— ( )
= ——
€% sin §;

ikr
(7.2.17)

= % Z V20 + 1Y, 0(0)e sin 6 c
=0

where we noted that e~ 2 = (—i)? and i*(—i)* = 1. Therefore we get

— T Z 1Yy,0(0)e™ sin ;. (7.2.18)
=0

This is our desired expression for the scattering amplitude in terms of phase shifts.
We had
do = | fr(6)|?d2 (7.2.19)

and this differential cross section exhibits # dependence. On the other hand for the full
cross section the angular dependence, which is integrated over, must vanish

o= / @) o = / J2(0)fu(0)d0

4 4 .
= /77; > V20 1V20 + 1e  sin by € sin by / dQ Y ()Y 0(Q)

o0

~
Oppr

Hence

41

o Z 20 +1) sin? §y . (7.2.20)

Now let us explore the form of f(#) in the forward direction # = 0. Given that

20 +1 20 +1
Yeo(0) = 4/ i Py(cost) = Y0 =0)= i
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then

Var & 2€0+1 . 1 ‘

fe(0=0) = Tﬂ > Vet %em sin b = o D (20+ 1) sin g,
{=0 =0

Hence

Im(f(0)) = = i(zz + 1) sin? 5, = yiza (7.2.21)

Tk ¢ T kar -

Therefore we have found out a remarkable relation between the total elastic cross section
and the imaginary part of the forward (6 = 0) scattering amplitude. This relation is known
as the Optical theorem and reads

47

o = “TIm(f(0)) .

A Optical Theorem

Let us consider ways in which we can identify the phase shifts ;. Consider a solution,
restricted to a fixed /¢

¥(x)|, = (Aggekr) + Bimg(kr)) Yeo(0)

xr>a

(7.2.22)

If B # 0 then V # 0. As a matter of fact, if V' = 0 the solution should be valid everywhere
and ny is singular at the origin, thus By = 0.
Now, let’s expand ) (x)|, for large kr as in (7.2.10)

AZ . b Bg b
¢(X)‘e o~ [/{:r sin (k:r - 2) = 4y 608 <kr - 2)] Yy 0(0) (7.2.23)
Define B
tan §, = —A—j (7.2.24)

We must now confirm that this agrees with the postulated definition as a relative phase
between outgoing and ingoing spherical waves. We thus calculate

w(x)lg o~ % [Sin (kr - 6;)

sin dp

lr
+ s Ccos <k‘r - 2>] Yr.0(6)

o o sin <kr -5t 5g> Yy.0(6) (7.2.25)
_ LY [ ier—tmhs)) _ —i(kr—tE46)
= kr 2 [e ’ ¢ ’ } Yeo(9)
11 : L J4
—i6 - - z(kr —+25g) —z(kr——)
e { e ; }Ym(e) (7.2.26)
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This shows that our definition of J; above is indeed consistent the expansion in (7.2.16).
Finally we can read the phase shift from (7.2.25)

1 l
w(x)’ ~ —sin (kr — — + 6, Yi0(0) r>>a (7.2.27)
¢ kr 2 '
in the partial wave solution.
As an aside note that both the outgoing and ingoing components of a partial wave are
separately acceptable asymptotic solutions obtained as:

o If Ay=—iBy
Y, (6 i(kr—42)
1/1(X)‘é ~ {z sin (k:r - g;) + cos <l<:r - é;r)] E’IS: ) ~ r - Yio(0)  (7.2.28)
o If Ag = iBg
) 7.2.29
V)|~ e Ye0(0) (7.2.29)
Each wave is a solution, but not a scattering one.
7.2.2 Example: hard sphere
."—\;‘-7-‘\
00 r<a
Vir) = - 7.2.30
(r) {0 r>a ( )
Radial solution "
Rg(’r‘) = ? = Agjg(ki?") + Bgng(kr) (7.2.31)
Y(a,0) = Z Ry(a)Py(cosf) =0 (7.2.32)
l
The Py(cosf) are complete, meaning that
0 = Ry(a) = Ayje(ka) + Bmy(ka) V¢ (7.2.33)
Recalling
Bg jg(ka)
= _be _ 2.34
tan dy A, ng(ha) (7.2.34)

this implies all phase shifts are determined

tan oy = (7.2.35)
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We can now easily compute the cross section o, which, recalling (7.2.20) is proportional to
sin? &,
tan®d, j2 (ka)

.2
sin“ 0y = = 7.2.36
7 T+ tan? g, j2(ka) + n?(ka) ( )
hence
4 Ji (ka)
o= (25 +1) sin? 6, = (20 +1) 2 (7.2.37)
k2 yrd k2 ;% jl?(ka) + n?(ka)
Griffiths gives you the low energy ka < 1 expansion
o0 l
240!
o~ i; > T { } (ka)*+2 (7.2.38)
=0
At low energy the dominant contribution is from £ =0
4
0 = -5 (ka)* = 47a’ Not the eross sectiont (7.2.39)
One more calculation!
el —em0 20 _ ’ 1+itand
jtand = — — = — = 26— — 7 20 7.2.40
ttan e 4 0 20 4 c 1 —itano ( )
Therefore io(ka)
it _ 1+ an(ka) n + Z] _ ’L(] - m) (7.2.41)
1 —jdeba) o —dj  —i(j +in)
ng(ka)
e2i§g _ jg(l{?a) - inf(ka) Hﬁmrd spﬁll?re (7 2 42)
je(ka) —|—ing(k:a) ’ phase shifts e

7.2.3 General computation of the phase shift

Suppose you have a radial solution R,(r) known for » < a (V(r > a) = 0). This must be
matched to the general solution that holds for V' = 0, as it holds for r > a:

() 1 Al et) + B (g (20))

|
o~

At r = a must match the function and its derivative

Ry(a) = Agje(ka) + Byny(ka) (7.2.43)
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aR)(a) = ka (Agj,g(ka) + Bgn;(zm)) (7.2.44)
Let’s form the ratio and define 3, as the logarithmic derivative of the radial solution
5 aR)(a) " Agje(ka) + Beny(ka) ] Je(ka) + %né(ka) i Je(ka) — tan 6pmy(ka)
= = - = Ra = Ra-
Ry(a) Agje(ka) + Beny(ka) je(ka) + Beng(ka) je(ka) — tan dpny(ka)
(7.2.45)
In principle we can use eq. (7.2.45) to get tan dg, but let’s push the calculation further to
extract the phase shift from e/
jecos 8y — njsin &g jo (€0 + e=P) +im) (e — e=¢)
Be = ka = : = ka ~—— — : > —=
Je €os dp — nysin dy Jo (€900 4 e=00) + imy (et — e=10r)
¢ ( 7 ! —i0p (7. _ il 2i6¢ ( son! I
= ko S LTI ¥ G i), ek e i) g g
€t (Ju +ing) + e~ (jo — ing) 2% (i +ing) + (jo — ing)
Solve for 2% o, o
e2ive _ _kalje = Z.nf) — Blje — ine) (7.2.47)
ka(je +iny) — Be(je + ine)
which can be rewritten as
S —ka <j:l_?n2>
Q2% _ _ <],€ - W) o = (7.2.48)
in Jetin
I £/ | Be—ka <j4+ini>
which we can also write as
— ka (J:ef?n‘/")
20 — o2& & e (7.2.49)

~—~— Jein,
Hard sphere Pe — ka (jﬁ-ine
phase shift

Phase shifts are useful when a few of them dominate the cross section. This happens
when ka < 1 with a the range of the potential. So short range and/or low energy.

1. Angular momentum of the incident particle is L = b - p with b impact parameter and
p momentum

o\r

i
b
@)

N’

L
L~bp — W~bhk — b Z (7.2.50)
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When b > a there is no scattering

14
z >a Expect no scattering for ¢ > ka (7.2.51)

Thus only values ¢ < ka contribute to o.

Confirm the impact parameter intuition from partial wave expression. Consider the
free partial wave ~ jy(kr)Yso. The impact parameter b, of such a wave would be
estimated to be ¢/k.

Recall that js(kr) is a solution of the V' = 0 radial equation with angular momentum
¢ and energy h2k?/(2m). Setting the effective potential equal to the energy:

R(C+1)  R22

= 7.2.52
2mr? 2m ( )

we find that the turning point for the solution is at
E2r? =00 +1). (7.2.53)

Thus we expect jy(kr) to be exponentially small beyond the turning point

kr < \J0(0+1) ~¢ (7.2.54)

confirming that the wave is negligible for r less than the impact parameter ¢/k!

gl VAP,
NEVAVAVIVAIN

V3 P

Figure 7.2: Plot of p?.J2, (p)

7.3 Integral scattering equation

Some useful approximations can be made when we reformulate the time-independent Schrodinger

equation as an integral equation. These approximations, as opposed to the partial waves
method, allow us to deal with potentials that are not spherically symmetric. We consider
the Schrodinger equation

B,
[—2MV + V(r)} b(r) = E(r) (7.3.1)
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set the energy equal to that of a plane wave of wavenumber k and rewrite the potential in
terms of a rescaled version U(r) that simplifies the units:

h%k? h?
then the Schrédinger equation reads
[—V2+U(r)] 9(r) = k*(r) (7.3.3)

rewrite as
(V2 + k%) v(r) = U(r)y(r) (7.3.4)

This is the equation we want to solve.
Let us introduce G(r — r'), a Green function for the operator V2 + k2, i.e.

(V24 k) Gr—1) =68 (r -1 (7.3.5)
Then we claim that any solution of the integral equation
vl) = o) + [ @G- UE)0() (7.3
where ¢y (r) is a solution of the homogeneus equation
(V2 + k%) o(r) =0 (7.3.7)
is a solution of equation (7.3.4). Let’s check that this is true
(VZ+E*) ¢(r) = (VE+ k) /d3r’G(r - U")y(r)
= /dgrld(g) (r — U )y(r)
=U(r)y(r) v (7.3.8)

To find G we first recall that

eLikr

G(r) @ for r # 0 as a matter of fact (V%+l{:2) — =0 Vr#0
Ir)~
—ﬁ forr =0 as a matter of fact V2 (_ﬁ) _ 53(1,)
(7.3.9)
Thus try
1 e:l:ikr
- 7.3.1
G(r) AT r ( 0)
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and we are going to refer to G4 as the outgoing wave Green function and to G_ as the
ingoing wave Green function.
Let’s verify that this works, write G’ as a product: G (r) = eT" (—i), so that

47r
V2GL(r) = (v2e:|:ikr> R 1 eFikry2 R 19 (66:&'147*) R R
47r 4dmr 4mr
(7.3.11)
Recall that
Vi=V.V, wzg, V- (fA)=Vf-A+fV-A (7.3.12)
Therefore
+ikr o T tikr 2 _tikr 2 20k ik
Ve = Fik—e™""", Vee "™ = k£ — | e (7.3.13)
r r
then
VG (r) = (—k? + 20k ke (1 b eERT B (r) 4 2 <:|:Z~k,€:|:z’kr£> ‘ ( r )
r 4y r 4mr3
2ik q 2k -
= —k*Gy(r) F e kr L §3(r) £ VS eikr
r r
= —k*Gy(r)+8(x) v (7.3.14)
We will use '
Yo(r) = e** and G=G4 (7.3.15)
Thus, with these choices, (7.3.6) takes the form
Y(r) = et 4 /d3r'G+(r — U )y(r') (7.3.16)
where
o , 1 6ik|r7r’| 517
+(r—r)——am (7.3.17)

We now want to show that this is consistent with our asymptotic expansion for the energy
eigenstates. For that we can make the following approximations

For the G denominator: v —1/|~r (7.3.18)

For the G numerator: r—1|~r—mn-r (7.3.19)

where

5
Il
=0~
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In this way
e — _i ikr —ikn-r’
Gi(r—1') = e (7.3.20)
Thus '
ikz 1 3./ _—ikn-r’/ / / 6Zkr
P(r) = e + i d’r'e U(r')y(r') " (7.3.21)

The object in brackets is a function of the unit vector n in the direction of r. This shows that
the integral equation, through the choice of GG, incorporates both the Schrédinger equation
and the asymptotic conditions. By definition, the object in brackets is fx(0, ¢), i.e.

1 S
Fi(0,0) = =~ e Ty (r) . (7.3.22)
T
Of course, this does not yet determine fj as the undetermined wavefunction (r) still
appears under the integral. The incident wave has the form of e’%i'* with k; the incident
wave number, |k;| = k. For the outgoing wave we define kg = nk (in the direction of n),

the scattered wave vector. The expression for ¢(r) then becomes

P(r) = eikir [—417T/dgr’e_iks'r/U(r’)w(r/) ei:r (7.3.23)
We will do better with the Born approximation.
7.3.1 The Born approximation
Consider the original integral expression:
Y(r) = ek 4 /dSr'G+(r — YU )yp(r') (7.3.24)

Rewrite by just relabeling r — r’
P(r') = kit 4 /d?’r”G+(r' — " U") (") . (7.3.25)
Now plug (7.3.25) under the integral in (7.3.24) to get

1’/)(1‘) — eiki~r+/ dSr/G+(r_r/)U(r/)eiki-r/_i_/ d3r/G+(r—r')U(r’)/dgr"G_,_(r'—r")U(r")¢(r")
(7.3.26)
Repeat the trick once more to find

@Z}(I‘) = eiki'r + /dgr’G+(r _ I',) U(I',)eiki'r,
i /dgr/G+(r —1)U(r') /dgr”GJr(r' — ") U(x")eki”

4 /dSrIG+(I‘ _ I‘,)U(I‘/) /dSr//G+(r/ _ I‘”)U(I‘”) /d3r///G+(r/// _ r”)U(r'”)w(r”/)
(7.3.27)
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By iterating this procedure we can form an infinite series which schematically looks like

w:e“‘“‘+/GUe“‘ir+/GU/GUeikir+/GU/GU/GUe“‘iT+... (7.3.28)

The approximation in which we keep the first integral in this series and set to zero all others is
called the first Born approximation. The preparatory work was done in (7.3.23), so we
have now

' 1 ) , ) , ikr
PBom(p) = ekt — (/ d3r/e ket U(r')e’ki'r> - (7.3.29)
4 r
hence
1 .
FE0,0) =~ | PreTTU). (73.30)

Here we defined the wave-number transfer K:

kil = [ks|, K =ks—kj (7.3.31)

7
-

Ry

Note that we eliminated the primes on the variable of integration — it is a dummy variable
after all. The wave-number transfer is the momentum that must be added to the incident
one to get the scattered one. We call # the angle between k; and kg (it is the spherical
angle 0 if k; is along the positive z-axis).

Note that

K = |K|=2ksin$ (7.3.32)

In the Born approximation the scattering amplitude f (6, ¢) is simply the Fourier transform
of U(r) evaluated at the momentum transfer K! fi(6, ¢) captures some information of V (r).

If we have a central potential V(r) = V(r), we can simplify the expression for the Born
scattering amplitude further by performing the radial integration. We have

1 2m

Born
O)=-%%

A dPre KTV (1), (7.3.33)
By spherical symmetry this integral just depends on the norm K of the vector K. This is
why we have a result that only depends on #: while K is a vector that depends on both 6
and ¢, its magnitude only depends on 6. To do the integral think of K fixed and let © be
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the angle with r

—_—
K

oo 1
fx(0) = _iz 2mdr 7"2/ d(cos ©)e ™ HTcosOy (1) r/
2wh 0 -1 @
oo —iKr iKr 00 :
m 9 e —e m 9 2sin(Kr)
- L S 3.34
i, drreV(r) —7er i drr<V(r) ( Tor (7.3.34)
hence
2m  [° )
fx(0) = R, drrV(r)sin(Kr) (7.3.35)

with K = 2ksin §.
The Born approximation treats the potential as a perturbation of the free particle waves.
This wave must therefore have kinetic energies larger than the potential. So most naturally,

this is a good high-energy approximation.

Example: Yukawa potential Given

B> 0 (7.3.36)

from (7.3.35), one gets

_2mp e
Kn? J,

2mp

fx(0) = R+ K2

dre * sin(Kr) = — (7.3.37)

We can give a graphical representation of the Born series. Two waves reach the desired
point r. The first is the direct incident wave. The second is a secondary wave originating at
the scattering “material” at a point r’. The amplitude of a secondary source at r’ is given
by the value of the incident wave times the density U(r’) of scattering material at r’.

In the second figure again an incident wave hits r. The secondary wave now takes
two steps: the incident wave hits scattering material at r” which then propagates and hits
scattering material at r’, from which it travels to point r.
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Figure 7.3: Pictorial view of Born approximation. Wave at r is the sum of the free incident wave at r,

plus an infinite number of waves coming from the secondary source at r’, induced by the incident
wave.

Figure 7.5: Given (6, ¢) and k (~ energy), K is determined.
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