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Springs and masses:
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More general differential equation with harmonic driving force:
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Steady state solutions:

xs(t) = Acos (wgt — 0)
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Fo
A= m
V(Wi — wj)? +wil?
and
Tw
tand = 5 d 5
Wy — Wy

General solutions:
For I" = 0 (undamped system):
x(t) = Rcos (wot + 0) + x5(t)

where R and 8 are unknown coefficients.
For I" < 2wy (under damped system):

r [?
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where R and 8 are unknown coefficients.
For I' = 2wy (critically damped system):

2(t) = (Ry + Rot)e 2" + 2,(¢)

where R; and Ry are unknown coeflicients.
For I' > 2wy (over damped system):
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where R, and Ry are unknown coefficients.
Coupled oscillators
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Examples for n = 2
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Matrix equation of motion, matrices M, K, Z are n X n, vectors X, Z are n x 1.
- X(t)=-MT'KX(t)
dt? B

Z(t) = Ae ™!

(MK —w?T)A=0
To obtain the frequencies of normal modes solve:

det(M'K —w*Z) =0

For n =2
My My

det
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If the system is driven by force one can find the response amplitudes C(wy)

.F(t) = .F()G_iwdt

W(t) = C(wq)e ™



solving the equation above one can find the response amplitudies for the first (¢i(wy)) and
second (c2(wgq)) objects in the system.
Reflection symmetry matrix:

0 -1
=[5
Eigenvalues () and eigenvectors (A) of this 2 x 2 § matrix:
1

(2)B=1, A= [_11

1D infinite coupled system which satisfy space translation symmetry:
Given a eigenvalue 3, the corresponding eigenvector is
Aj == BjAO
where
A;(Ao)
is the normal amplitude of jth(0th) object in the system.
Consider an one dimentional system which consists infinite number of masses coupled by springs,

B can be written as 3 = ¢ where k is the wave number and «a is the distance between the masses.
Kirchoff’s Laws (be careful about the signs!)
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